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This note collects a few basic concepts and results on different but related
topics in functional data analysis where “kernels” play a fundamental role. This
note can be used as a first glance before learning the related method and theory
in detail. There are many different kernels in machine learning. For example,
in the kernel regression, a kernel is typically a symmetric density. Besides, in
the kernel support vector machines, a kernel is a bivariate nonlinear mapping
from the feature space to a higher dimensional space. The kernel discussed
in this note is more closely related to the latter, but we focus on the kernel-
deduced functional space, which is different from the kernel support vector

machines.

1 Reproducing Kernel Hilbert Space

We start from introducing the Reproducing Kernel Hilbert Space (RKHS)
following Berlinet and Thomas-Agnan (2011). Let E be an abstract non-
empty set. Consider a Hilbert space H of real-valued functions defined on F
endowed with the inner product (-, -)%. In the kernel support vector machines,
E is the d-dim Euclidean space R? where covariates lie in. However, in this

note, we mainly concerns E as a compact interval, say [0, 1].

Definition 1. A bivariate function K : E x E — R is a reproducing kernel if
(1)Vt € E, K(-,t) € H; and (2)Vt € E and Vh € H, (h(-), K(-, 1))y = h(t).

The (2) property above is the so-called “reproducing property”: the value
of h at t is reproduced by the inner product of A and the kernel induced
function K(-,t). Since K (-, s) itself is a function in H by (1), we deduce from
(2) that (K(-,s), K(-,t))n = K(t,s) = K(s,t). A Hilbert space of real-valued

functions which possesses a reproducing kernel is called a RKHS.



Example 1. The Hilbert space L?([a,b]) is not a RKHS, because there is no
reproducing kernel satisfying

K(s,t)h(s)ds = h(t), Vh € L*([a,b]);
[a,]
see Example 3 in Chapter 1 of Berlinet and Thomas-Agnan (2011) for details.
The example shows that for any kernel on [a, b] X [a, b], the spanned RKHS is
a strict subspace of L%([a, b]).

To give a first characterization of a RKHS, we need the concept of contin-
uous or bounded functional. We say a functional f : H — R is continuous if
Ve > 0, 36 > 0 such that if ||h; — hall < d then |f(h1) — f(h2)| < e. We say
a functional f : H — R is bounded if IM > 0 such that |f(h)] < M||h||x,
Vh € H. A well known property of a linear functional is that continuity is
equivalent to boundedness. For any ¢t € E, let ¢; : H — R denote the evalu-
ation functional at ¢: e;(h) = h(t), for any h € H. It is easy to see that the
evaluation functional is linear.

The Riesz representation theorem tells us that for any continuous linear
functional f, there exist a function gy € H such that f(h) = (h,gs)n. An

application of the Riesz representation theorem leads to the following result.

Theorem 1. A Hilbert space of real-valued functions on E has a reproducing

kernel if and only if all the evaluation functionals ey, t € F, are continuous.

Proof outline. (=) The Cauchy-Schwarz inequality applied on e;(h) = (h, K(-,t))3.
(<) The Riesz representation theorem applied on e;. ]

Next, we discuss a basic characterization of a reproducing kernel.

Definition 2 (Positive type function). A bivariate function K : E x E — R

is a positive type function if
ZZaiajK(ti,tj) > O,VH > 1,012‘ S R,tZ e FE.
i=1 j=1
For any reproducing kernel K, we have
Z Z aiajK(tiv tj) = H Z aiK(tiv )H?—l >0,
i=1 j=1 i=1

implying that K is positive type. The converse is the famous Moore-Aronszajn

theorem.



Theorem 2 (Moore-Aronszajn). Let K be a positive type function on E x E.
There exists a unique RKHS H of functions on E with K as the reproducing
kernel. Specifically, H is spanned by the functions {K(-,t)}icp with the inner
product

(f,9)n = Z Z i3 K (yj, i) ,

i=1 j=1
where f =377, ;K (-,z;) and g =372 BiK (-, y;) are the Cauchy sequences.

An important representation theorem of a continuous symmetric positive

type function is the famous Mercer theorem.

Theorem 3 (Mercer). Let K be a continuous symmetric positive type function
on [a,b] x [a,b]. There exists an orthonormal basis {¢;}32, of L*(|a,b]) such

that
K(s,t) = Z Ajdi(s)o;(t),

where \y > Ay > ... > 0 are called the eigenvalues of K, and ¢; are called the

eigenfunctions of K.

A continuous symmetric positive type function is referred as a Mercer
kernel. For any Mercer kernel K : [a,b] X [a,b] — R, we can associate
it with a linear operator K : L*([a,b]) — L*([a,b]) defined by K(¢;)(t) =
fab K (s,t)¢;(s)ds. The first application of the Mercer theorem is the following

example.

Example 2 (RKHS generated by a Mercer kernel). Let K be a Mercer kernel
on [a,b] X [a, b], then there exists a unique RKHS H of functions on [a, b] with
K as the reproducing kernel by the Moore-Aronszajn theorem. According to

the Mercer theorem, we can express K by
K(s,t) =Y _ X\o(s);(t), Vs, t € [a,b],
j=1

where {¢;}22, is an orthonormal basis of L*([a,b]). Next, we try to find an
expression of the inner product (-, -)3 of H in terms of (-, -) z2, the inner product
of L?*([a,b]).

For any f € H, we can write f(t) = Y277 (f, #;)12¢;(t). Using the repro-
ducing property and the expression of K above, we have f(t) = (f(-), K(-,t))» =



Yoy Ailf @) mdi(t). Tt follows that for all j, (f, ¢;)r2 = Aj(f, ¢j)n. Now, for
any g € H, we write g(t) = >-7°,(g, ¢;)£2¢;(t), then we conclude that
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Therefore, the RKHS generated by K is H = {f € L*[a, b]; ZOO i, ¢J < oo},

which is a strict subspace of L?[a, b], confirming the argument in Example 1.

Now we are able to introduce the random element in functional data anal-
ysis. Given a sample space €2, let X be a measurable mapping from €2 to H,
where H is a RKHS of functions on a compact interval £. The random element
X is the random variable of interest in functional data analysis, also known as
the random function/process on E, the functional datum, the functional vari-
able, etc. In fact, the set E is allowed to not be a compact interval, which leads
to a general functional variable. When the set F is restrictive to a compact
interval, the corresponding X is sometimes referred to as a one-dimensional
functional variable. As we only discuss one-dimensional functional data in this
note, we omit the term “one-dimensional”.

To study the random function X, just similar to what we learned in ele-
mentary statistics, we focus on the first two moments of X. Here, the moments
also become functions introducing obscurity indeed. The first moment func-
tion of X, the mean function m = F(X), is relatively easy to understand,
while the centered second moment function of X, the covariance function
Cx(s,t) = E{X(s)X(t)} — E{X(s)} E{X ()} is more difficult and more im-
portant to be investigated. We assume that X has finite second moment, i.e.,
sup,cp Cx (t,t) < oo, under which X is referred to as a second order random

process.

Remark 1. In some literature, it is occasional to define the covariance function
as E{X(s)X(t)}, i.e., the second moment. The covariance operator defined
below needs to be modified accordingly. Both definitions are useful under certain

applications.
We first introduce a crucial concept related to the covariance function.

Definition 3 (Covariance operator). The covariance operator Cx : H — H
of X is defined as Cx(h) = E{(X —m, h)y(X —m)}.



Definition 4 (Kernel of an operator). Let H be a Hilbert space of functions
defined on E, and let u be an operator in H. A function U : E x E — R is
a kernel of w if (1) ¥Vt € E, U(-,t) € H; and (2) Vt € E,Yh € H, u(h)(t) =
(U 1), h(:))n-

Remark 2. The kernel of an operator here is a slight generalization to the
Mecer kernel and its associated operator defined below Theorem 3, in the sense

that the inner product (-,-)y here can be different from (-,-) 2.

The covariance operator C'x is self-adjoint, positive, continuous and com-
pact. The covariance function C'y : £ x E — R and the covariance operator
Cx : H — H use the same notation is a common slight abuse of notation.
Because Vt € F,

Cx(h)(t) = E[(X —m, h)u{X(t) —m(t)}]
= (E{X() =m()HX @) = m@)}H, h(-))n = (Cx (1), h()n

we see that the covariance function is the kernel of the covariance operator.

Further, by taking h(-) = K (-, s), Vs € E, the reproducing kernel, we conclude
Cx (s,t) = [OCx{K(-, s)}](t) .

The second application of the Mercer theorem is applying it on the co-
variance function C'yx, which yields the Karhunen—Loeve expansion of X, the

foundation of the functional principal component analysis.

Theorem 4 (Karhunen—Loeve). Let X be a second order random process on

la,b], then the following representation of X holds,
X(t)=m(t)+ Y &a;(t),
j=1

where ¢; are the eigenfunctions of Cx (also orthonormal bases of L*([a,b])),
& are mean zero and variance \; uncorrelated random variables. The values
AL > Ay > ... >0 are the eigenvalues of C'x.

The descending order of ); is crucial to the functional principal component
analysis, because it implies that the truncation to the first d principal com-
ponents X,4(t) = m(t) + Z;.lzl &;0;(t) capture the most variability of X, i.e.,

minimal information is lost.



2 Functional Regression

2.1 Function-to-scalar Linear Regression Using RKHS

We follow Yuan and Cai (2010) to introduce the RKHS technique used in
function-to-scalar linear regression. Let {(X;, Y;)}™; be an i.i.d. copy of (X,Y),
where X = X(-) is a second order random process on a compact interval T

and Y is a scalar variable satisfying

Y =a)+ / X (t)Bo(t) dt + €.
T

Here «q is the intercept, [y is the slope function and € is the noise variable
satisfying E(¢) = 0 and E(¢?) < oo. The key assumption is that the slope
function [y lies in a RKHS H.
The method of regularization to estimate oy and [ is given by
~ 1 2
(@, f) = argmin — Z {Yi —a— [er‘(t)ﬁ(t) dt} + AJ(6), (1)

n
a€ER,BEH i—1

where J(5) = fT{ﬁ(m) (t)}? dt with 8™ denoting the m-th order derivative of
B. With this choice of the penalty J(5), the RKHS H is in fact the m-order
Sobolev space W3*(T) defined as

Wi(T) ={B:T =R, §,...,3™ Y are absolutely continuous and
s e L(T)},

where the norm is given by

18113y = mz ( / 59) / (B2,

The most appealing property of the RKHS estimator given in (1) is that
the minimization problem in (1) has a closed-form solution. It is easy to see
that

a:Y—LX@MQM, (2)

where Y = > Vi/nand X = > | X;/n. Next, we derive A.
Consider the null space Hg of the penalty functional J,

Ho={BeM:J(B) =0},

which is a finite-dimensional linear subspace of H with the orthonormal basis
{&,...,&n}. Let Hy be its orthogonal complement such that H = Ho @ H;.
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For any f € H, there exists a unique decomposition f = fy + fi, where
fo € Ho and f; € Hy. Note that H; is also a RKHS with the inner product
of H restricted to H;. Letting K be the reproducing kernel of H;, we have,
for any f1 € Hi, J(f1) = [f1ll% = |If1]l3,. We assume that K is continuous
and positive-type, i.e., a Mercer kernel. As noted below Theorem 3, K is also

a linear operator given by
_/K(t, ) f(s)ds, VteT.
-
It is known that K f € H,, for any f € L?. Also, note that, for any f € H

(K f, B = /T (K (-, 5), B f (s) ds = /T B(s)f(s) ds

The observations above lead to the following important representer theorem,

which is a generalization of the representer lemma for smoothing splines.

Theorem 5. The estimator B\ has the following finite-dimensional represen-

tation,
N
B=Sdt) + > al(KX)(),
k=1 i=1

where c1,...,¢cp,dy,...,dy € R.

With @ given at (2), 3 in (1) can be written by
B = argmingey, {1 [vi-v- / X0~ XY di} +AI(B)]. (3)

Consider the case H = W3 and thus J(8) = [{B8®(t)}?dt. It follows that
H, is spanned by {&(t) = 1,&(t) = t}. A popular reproducing kernel K of
‘H, is given by

K(s,t) = 232(5)32( P - %B4(|s —4).

Using Theorem 5, we have
B= d1+d2t+zcl/{x X ()}K (¢, 5) ds.

Letting ¢ = (ci,...,¢,)",d = (dy,d2)", the minimization problem in (3) is

equivalent to

~

~ . 1
(@) = argmin e gezs |[Y = (Td + So)l[& + X e,



where Y = (Y1 —Y,...,Y,—Y)T Tisann x 2 matrix with the (i, j)-th entry
given by

7= [ 160 - Xapr-tar,

and ¥ is an n X n matrix with the (7, j)-th entry given by
2ij = / /{Xi(S) — X(s)}K (s, ){Xi(t) — X (1)} dsdt .
TIT

The weighted least squared problem for (c, 8) above has the following explicit

solution,

d=(T"W'T)'TTWY,
c=WHIL, -T(T"WT)'T"TWw Y,

where W = ¥ + n\I, with I, the n-order identity matrix.

2.2 Function-to-function Nonlinear Regression Using RKHS

In this subsection, we follow Kadri et al. (2016) to introduce the function-
to-function nonlinear regression using RKHS. Here the function-to-function
operator is assumed to lie in a RKHS of operators, i.e., function-valued func-
tions. Such generalizations require further technical development as well as

computational algorithms.

2.2.1 RKHS of Operators

Let X = {z() : Tx — R} and Y = {y(-) : Ty — R} be the Hilbert spaces of
real-valued functions where the random processes X and Y are valued in. Let
L(Y) denote the set of bounded linear operators from ) — Y. To investigate
the RKHS of operators, we first define operator-related concepts.

Definition 5 (adjoint, self-adjoint, and positive operators). Let A € L()),
then
(1) A*, the adjoint operator of A, is the unique operator in L(Y) that satisfies

(Ay,z)y = (y, A*2)y, Yy, z € Y;

(2) A is self-adjoint if A = A*;

(3) A is positive if it is self-adjoint and Yy € Y, (Ay,y)y > 0;

(4) A is larger than or equal to B € L()), if A — B is positive, i.e., Yy € Y,
(Ay, y)y = (By, y)y.



Definition 6 (Operator-valued kernel). An L£(Y)-valued kernel K on X x X
is

(1) Hermitian if K(w,z) = K(z,w)*, where K(-,-)* denotes the adjoint

operator;

(2) nonnegative on X if it is Hermitian and Yn > 1,w; € X,u; € Y, the

n x n matric (K (w;, w;)u;, u;)y is positive-definite.
Now we are able to define a function-valued RKHS.

Definition 7 (Function-valued RKHS). A Hilbert space F of functions from
X to )Y is called a RKHS if there is a nonnegative L(Y)-valued kernel K on
X X X such that:

(1) the function z — K(w, z)g belongs to F, Vz,w € X and g € Y,

(2)VF e F,we X andge ), (F,K(w,-)g9)r = (F(w),g)y.

If the reproducing kernel K is locally bounded and separately continuous,
we call it a Mercer kernel. The following theorem is an extension of the Moore-

Aronszajn theorem to the case of function-valued RHKS.

Theorem 6. A L£(Y)-valued Mercer kernel K on X? is the reproducing kernel

of some Hilbert space F' if and only if it is nonnegative.

Although we have defined the operator-valued kernel, it remains to explic-
itly design a few operator-valued kernels. To this end, we first present a result

that produces new kernels by combing existing ones.

Theorem 7. Let H and G be two nonnegative operator-valued kernels from
X XX — L(Y), then

(1) K = H + G is a nonnegative kernel;

(2) if Hw,2)G(w,z) = G(w,2)H(w,z), Yw,z € X, then K = HG is a
nonnegative kernel;

(3) K =THT" is a nonnegative kernel for any T : X — L(Y).

As for application to functional data, consider ) as the Hilbert space L*(7)
of square integrable functions on a compact interval 7 endowed with the usual
inner product (¢,v)y = fT o(t)(t) dt. Next, we present three examples of
operator-valued kernels.

1. (Multiplication operator) For any h € Y, a multipilication operator T"
on Y is defined as T" : Y — Y, T"(y)(t) = h(t)y(t), Vt € T. The
associated operator-valued kernel K is defined as K : X x X — L(}),



K(x1,22)(y)(+) = ko(x1, 22) T (y)(-), where k, : X x X — R is a positive
definite scalar-valued kernel and k, is a positive real function. It is easy

to see that K is Hermitian and positive.

. (Hilbert-Schmidt integral operator) A Hilbert-Schmidt integral operator
T" associated with a kernel h : T x T — R is defined as: 7" : Y — ),
T"(y)(t) = [ h(s,t)y(s)ds, Vt € T. An operator-valued kernel K associ-
ated with positive kernels k, : X x X — Rand k, : T x7T — R is defined
as K : X x X = L(Y), K(x1,22)(y)(:) = ky(1,22) [ ky(s,)f(s)ds. If
k, is Hermitian, then K is also Hermitian.

. (Composition operator) Let ¢ : T — T be an analytic map, the associ-
ated composition operator C, : Y — Y is defined as Cy(y) = y o ¢. In
the case that ) is a RKHS with the kernel k£, we have

(f; Cgk(t, )y = (Co(f), k(t, )y = (f o &, k(t, )y = [()(t)
= ([, k(o(t), )y,

implying that C3k(t,-) = k(é(t),-). Similarly, we have C3(f)(t) =
(f,k(t,o(-))y. Once a composition operator and its adjoint operator

are well expressed in a RKHS, we can define a operator-valued kernel

K: XXX = L) as K(z1,22) = Cy21)Cy ), where ¢(z1) and ¢(z)

are analytic maps from 7 to 7. Using Theorem 7 (3), we see that K is

nonnegative.

2.2.2 Function-valued Functional Learning

Consider the function-to-function regression of estimating F'(x) = E(Y|X =
z) from observed data (z;,y;)7,, where (z;,y;) € X x Y = L*(Q,) x L*(,),

the Hilbert spaces of square integrable functions on €2, and €2,,.

The estimator of F' via the method of regularization is defined as

F\ = argminger [y — F(z:)|3 + AP, (4)

where A > 0 is a regularization parameter.

In the case that F is a real-valued RKHS, the solution of the minimization

problem above has the following form,

F(z) = ZaiK(xi,w) :

10



where «; € R and K is the reproducing kernel. An extension to the case of

function-valued RKHS leads to the following form,

= i K(l’z, )Ul s
=1

where u;(+) € Y are functions and K is the nonnegative operator-valued repro-
ducing kernel. Plugging the expression above into (4), we obtain the following

minimization problem over n scalar-valued functions u; € Y,

Wy = (Ui, .- -, Unn) |
n n
= argmlnz lly: — ZK Ti, T u]Hy—{—)\ZZ (@i, xj)u;, uj)y.
ueyn =1 =1 j=1

Setting the directional derivative of u above to zero yields that the vector of

functions u € Y satisfies the following system of linear operator equations,
(K+ M)u =

where K = [K(z;,2;)];j=1,..n 15 @ n x n block operator kernel matrix and
Y=y
To overcome the problem of finding the inverse of the block operator kernel

matrix K, we assume that the operator-valued kernel K has the following form,
K(wi, 25) = g(@i, ;)T

where g : X x X — R is a scalar-valued kernel and 7' is a linear operator in

L(Y). For example, if T is a integral operator with the kernel e~*=*|, then

K (0, 2,) () (8) = g(znz;) / e oIy (s) ds

Yy

for y € V. It follows that the block operator kernel matrix K can be expressed

as

gz, z)T - gx1,2,)T
K — —GoT,

9(zp, )T -+ gy, 2,)T

where G = [g(x;, x;)]i j=1,..n. Using the basic property of the Kronecker prod-
uct, we obtain that K=t = G=' @ 7!, and thus we only need to find G~ and
T—l

The inversion of n X n matrix G can be expressed by G~' = VI'V'T, where

V = (v1,...,v,) consists of eigenvectors v; of G, and I' = diag(a;’,...,a;?t)

11



with «; the eigenvalue of GG. In terms of inversion of a linear operator 7T', we

utilize the result that if 7" is compact and normal, then
T(y) = Z5i<y,wz‘>ywz‘,
i=1

where 0; and w; are referred to as the eigenvalues and the eigenfunctions of 7.
It follows that T~ (y) = >.°°, 6; {y, w;)yw;. For fixed G, K + AI can also be

i=1"1

seen as an operator in £()). Therefore, to compute u = (K + \I)"ly, we fix

a truncation parameter x, and obtain

nkKk

ﬁ = Z(el + )‘)71<Zi7y>ynz’i )

i—1
where 0 = (01,...,00)" = (a1,...,0,)" @ (01,...,00) ", 2= (21,...,Zne) =
(Ula B 7Un>—r & (wla SR JWH)T and <a7 b)y" - Z?:1<ai7bi>y'

3 Gaussian Measure in Hilbert Space

An obstacle to study random variables in an infinite dimensional space is that
the Lebesgue measure generally does not exist. Yet, a Gaussian measure can be
well defined in a separable Banach space, which can serve as an alternative to
the Lebesgue measure. Therefore, a Gaussian measure, induced by a Gaussian
process, plays a fundamental role in studying infinite dimensional random
elements. In this section, we follow Kuo (1975) and Williams and Rasmussen
(2006) to introduce the concepts of Gaussian processes particularly in a Hilbert
space.

Let H be a separable Hilbert space with norm | - | = 1/(-, ). Let A be a

linear operator in H.

Definition 8 (Hilbert-Schmidt operator). A linear operator A in H is a

Hilbert-Schmidt operator if for some orthonormal basis {e,}>2, of H,

> JA(en)|? < 0.
n=1

1/2
The Hilbert-Schmidt norm of A is defined as || Alls = (Eflo:l ]A(en)P) :

Note that the Hilbert-Schmidt norm does not depend on the choice of
{en}22,. An example of Hilbert-Schmidt operator is the integral operator
defined in Section 2.2.1.

A operator in H is compact if it maps any bounded subset of H into a set
whose closure is compact. The following expression for a self-adjoint compact

operator has actually been used in Section 2.2.2.
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Theorem 8. If A is a self-adjoint compact operator in H, then there exists

an orthonormal basis {e,}>2, of H such that

Ax) = Z A (2, en)€n
n=1

where the A\,,’s and e,,’s are called the eigenvalues and eigenfunctions of A. If
A is positive definite, then X\, > 0.

Definition 9 (Trace class operator). A compact operator A in H is called a

trace class operator if Y 2, A, < oo, where the \,’s are the eigenvalues of
(A*A)Y/2,

Proposition 1. A Hilbert-Schmidt operator is compact. An operator A is
Hilbert-Schmidt if and only if > °7 | A2 < 0o, where the \,’s are the eigenvalues
of (A*A)Y2. In this case, ||Allx = (320 A2)1/2,

If A is a trace class operator, the trace of A is defined as >~ (A(ey,), €n)n,
where {e, }2° , is any orthonormal basis of #. Any trace class operator can be
written as a product of two Hilbert-Schmidt operators.

For a random function X valued in H, recall from Definition 3 that the co-
variance operator C'y : H — H of X is defined as Cx(h) = E{(X —m, h)»(X —
m)}. Now we define a covariance operator of a measure in H. All measures
considered in this section are Borel measures, i.e., measures defined on the

o-filed generated by the open subsets of H.

Definition 10 (Covariance operator). For a measure p in H, the covariance

operator S,, of p is defined such that

(Su(@)vhe = | (@2hly. hentde),

H
Remark 3. Compared to the covariance operator of a random variable Z in
Definition 3, (Cz(x),y)n = [,,(z — m,x)3(z — m,y)y pz(dz), we see that
Definition 10 is actually the uncentered second moment. Such difference does

not affect the main idea.

A covariance operator is necessarily positive definite and self-adjoint. If a
covariance operator has finite trace, we call it a S-operator. In fact, we have
trace S, = [, |z|? p(dz).

Definition 11 (Mean). For a measure p in H, the mean of p is an element

m,, in H such that
(musahoe = [ (2 0)nd2).
H

13



Definition 12 (Characteristic functional). The characteristic functional ¢ of

a measure p in H is defined as

blx) = /H exp{ile, y)uduldy)
forx e H.

Finally, we are able to define Gaussian measure in H.

Definition 13 (Gaussian measure). A measure p in H is Gaussian if for each
x € H, the measurable functional (x,-)3; is normally distributed, i.e., there

exists real numbers m, and o2 such that for all a € R,

“ 1 (t —mg)?
Ply e Hi(z,y)u < a) = /_OO Smo? exp{ - T‘g}dt-
Recall that the characteristic function of a R-valued normal variable X ~
N(u,0?) is ¥(t) = F{exp(itX)} = exp(iut — o*t*/2). Using a change of
variable, we have, for a Gaussian measure p in H, its characteristic functional

¢ is given by
o) = /H explile, yyr }u(dy) = /H exp(is) 1a(ds) = (1),

where ¥, (t) = exp(ip,t — 02t?/2) is the characteristic function of the normal
variable X = (z,-)3 ~ N(pg,02). In particular, we can show by change of

variables that

Mz = <mﬂ7x>7'lﬂ 0-2 - <SH(ZE),JZ>H,
and thus the characteristic functional ¢ of the Gaussian measure p is given by

6(0) = exp ity — 220
We also conclude from the expression above that a Gaussian measure is uniquely
determined by its mean and covariance operator.

To simplify exposition, we assume that H is a Hilbert space of functions
on F and m = 0 from now on. A random element X valued in H is called a
Gaussian process if the push-forward measure u(X ()) is a Gaussian measure in
‘H. Recall from Definition 4 below that the covariance function Sy : ExE — R
of X, Sx(s,t) = E{X(s)X(t)} is associated with the covariance operator

through
Sx(h)(t) = (Sx (-, 1), )3 ,
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fort € E. The bivariate function S is also referred as the kernel, or covariance
kernel of X.

Next, we present several examples of the covariance function. A stationary
covariance function is only a function of s — ¢, and an isotropic covariance
function is only a function of r = |s — ¢|. The squared exponential covariance
function has the following form

—r2
Sse(r) = exp (2—€2> ,
where ¢ is called the characteristic length-scale. Since the squared exponential
covariance function is infinite differentiable, the induced Gaussian process is
very smooth, which may be unrealistic.

A less smooth class of covariance function is the Matérn class,

S = 2 () 5 ()

where v > 0,/ > 0 are parameters and K, is a modified Bessel function. The

induced Gaussian process with the Matérn class covariance function is |v|-
times mean squared differentiable. When v is half-integer, the Matérn class
covariance function has a more explicit form.

The rational quadratic covariance function has the following form,

2

St = (1 o)

where o and ¢ > 0 are parameters. It can be seen as a scale mixture (an infinite

sum) of squared exponential covariance functions with different characteristic
length-scales. The covariance functions mentioned above are all stationary
and non-degenerate, while other non-stationary covariance functions include
polynomial and neural network classes; see Williams and Rasmussen (2006,
Ch. 4.2) for details.
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